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N o r m a l  X - r a y  m e t h o d s  of o r i en t ing  a c rys t a l  to  r o t a t e  
a c c u r a t e l y  a b o u t  a p r inc ipa l  s y m m e t r y  axis  fail  w h e n  no  
ref lexions  in t h e  equa to r i a l  l aye r  l ine can  be ident i f ied .  
A r ev i ew  of m e t h o d s  h i t h e r t o  p u b l i s h e d  is i n c l u d e d  in a 
c o m p r e h e n s i v e  p a p e r  b y  J e f f e r y  (1949) b u t  to  m e e t  a 
p a r t i c u l a r  p rob l em,  n o t  cove red  b y  m e t h o d s  d iscussed  
b y  Je f fe ry ,  a t e c h n i q u e  was  deve loped  w h i c h  has  a w ide r  
app l i cab i l i t y .  

I t  was  nece s sa ry  to  set  a c rys ta l  of a l ame l l a r  m i n e r a l  
to  r o t a t e  a c c u r a t e l y  a b o u t  t he  sixfold axis  p e r p e n d i c u l a r  
to  t h e  lamel lae .  F r o m  t h e  e x t e r n a l  fo rm th is  cou ld  eas i ly  
be done  to  w i t h i n  5 ° , b u t  as t he  h e x a g o n a l  u n i t  cell h a d  
d i m e n s i o n s  a - - - -9 .7  a n d  c----133 tk i t  was  qu i te  im- 
possible  to  i d e n t i f y  e q u a t o r i a l  ref lexions.  As t h e  r o w  lines 
w e r e  wel l  s e p a r a t e d  t h e  fo l lowing m e t h o d  was  used .  

T h r e e  5°-osci l la t ion p h o t o g r a p h s  we re  t a k e n  on the  
s a m e  f i lm a t  e x a c t l y  120 ° in te rva l s  of a z i m u t h  (using a 
U n i c a m  s ing le -c rys ta l  X - r a y  gon iomete r ) .  To enab le  
these  t h r e e  s u p e r i m p o s e d  p h o t o g r a p h s  to  be d i s t ingu i shed ,  
t h e  casse t t e  was  r o t a t e d  b y  a b o u t  2 ° to  each  side of i ts  
n o r m a l  pos i t ion  so t h a t  t he  t h r ee  e q u i v a l e n t  r o w  lines 
a p p e a r e d  side b y  side. W h e n  e x a c t l y  set  to  r o t a t e  a b o u t  
t h e  h e x a d  axis,  co r r e spond ing  f ea tu re s  on t h e  t h r e e  r o w  
lines lie a t  t h e  s a m e  d i s t ance  f rom t h e  e q u a t o r  of t h e  
p h o t o g r a p h ,  b u t  w h e n  mis -se t  t he i r  r e l a t ive  displace-  
m e n t s  g ive  t h e  cor rec t ions  necessa ry .  

Suppose  a~, a 2 a n d  aa were  t h e  a n g u l a r  d i s t ances  of 
t h r e e  e q u i v a l e n t  r ec ip roca l - l a t t i ce  vec to r s  f r om Che axis 

of ro t a t i on .  T h e  d i s t ances  y~, Y2 a n d  Yz of t h e  corre-  
s p o n d i n g  ref lexions  f rom an  equa to r i a l  l ine sc r ibed  on the  
f i lm were  m e a s u r e d  as a c c u r a t e l y  as possible  a n d  ~1, ~2 
a n d  ~3 were  o b t a i n e d  f rom ~----y(r2-~y2)-½. ~ for  the  
p a r t i c u l a r  row line used  was  ca l cu l a t ed  or m e a s u r e d  a n d  
hence ,  f r om cot  a ~-- ~/~, a l ,  a2 a n d  a a were  found .  As 
t h e  d i f ferences  of a va lues  a re  smal l  (less t h a n  5°), a n d  
as in f in i t es imal  r o t a t i o n s  can  be t r e a t e d  as vec tors ,  t he  
r e s u l t a n t  of t h r e e  vec to r s  of m a g n i t u d e s  (90° - -a l ) ,  
(90°--c~) a n d  (90°--aa)  spaced  120 ° a p a r t  gave  t he  
m a g n i t u d e  a n d  d i r ec t ion  of t he  necessa ry  cor rec t ion .  
T h e  d i r ec t i on  of th is  co r rec t ion  was  k n o w n  to ~2½ ° 
f rom the  osci l la t ion range .  T h e  a n g u l a r  co r rec t ion  was  
reso lved  in to  two c o m p o n e n t s  para l le l  to  t he  two  arcs.  
A d d i n g  t h e  vec tors ,  r e l a t i ng  t h e m  to  t he  pos i t ions  of 
t h e  arcs,  a n d  reso lv ing  t h e  r e s u l t a n t  co r rec t ion  para l le l  
to  t h e  arcs  we re  done  g raph ica l ly .  I f  t h e  in i t ia l  s e t t i ng  
of t h e  lower  a rc  were  far  f rom zero,  co r rec t ion  for  the  
t i l t  of t h e  u p p e r  a rc  w o u l d  h a v e  to  be appl ied ,  be ing  
f o u n d  b y  solving a spher ica l  t r iangle .  The  cor rec t ions  
o b t a i n e d  are  n o t  e x a c t  a n d  two  app l i ca t ions  are  neces sa ry  
for  s e t t i ng  to  0.1°. 

T h e  m e t h o d  can  of course  be used  for  o t h e r  t h a n  sixfold 
axes  if t he  r o t a t i o n  in t e rva l s  are  chosen  app rop r i a t e ly .  
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T h e  d i r ec t - inspec t ion  m e t h o d  (Ftuni ,  1952a)* can  be  used  
to obtain directly t h e  i n d e p e n d e n t  c o m p o n e n t s  of t ensor  
p roper t i e s  of m a t t e r  on ly  for s y m m e t r y  g roups  in  w h i c h  
one  can  f ind  Car t e s i an  o r t hogona l  coord ina te s  t h a t  do n o t  
t r a n s f o r m  in to  l inear  c o m b i n a t i o n s  of t hemse lves  u n d e r  
t he  i n d e p e n d e n t  s y m m e t r y  e lements .  T h e  Car te s i an  n even n odd 
o r t h o g o n a l  r e fe rence  f r ames  u sua l ly  app l i ed  f o r  g roups  
w i t h  a p r inc ipa l  axis  Cn(n ~ 3) (zllto t h e  axis,  x a n d  Dn Dn 
y / to  it) sa t i s fy  th is  cond i t ion  on ly  for  n ~ 4, b u t  
t h e r e  are  o t h e r  f r ames  w h i c h  a l low d i rec t  inspec t ion  in 

* In this paper § 3 {a) is somewhat too condensed to be 
completely clear. Equat ions  (9) and (10), like equations (6) 
and (7), are relations between equations (3); when wri t ten 
fully, equat ion (9) reads 

txyz~ tyzx-~ tzxy= txzy-~ tyxz= tzyx. 

The last sentence of § 3 (a) states the ident i ty  of the scheme 
of independent  components of the axial and polar third-order 
tensors for symmet ry  0 with the scheme of the axial third- 
order tensor for symmet ry  T d. 

Table  1 

Finite groups with Generating 
a principal axis elements 

Cn(n ~ 3) besides Cn 

c~ 

Possible choices of x and y 

Y^ /C~ 
[ / 

xllc', yllC; ~ /  , 

~ y  

~h 

Dnh 

Y 
Cn,. ~. yz![ ~,. zx][ at. 

Cnh (Th Any q ~ - - >  
X 

y C; 
Dnh C 2, (lh xl]C~ y[[C 2 ~_ . .  

X 
Cni i Any 

Y C; 
nnd C~, i xilC~ YlIC~ l ~ 

2 / >  % 

C~ = binary axis J_ Cn; av(ah) : symmetry  plane]](_l_)Cn; 
i ---- inversion. 
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Table  3. Fourth-order tensor pq(p, q---- 1, 2, 3, 4, 5, 6) 

Polar, Polar Axial Polar Axial Axial Polar .4~xial Axial 
axial ^ 

C 1 Ca, Cai Ca Car D3, Dad Da C3v C3h, C 6, C~h C 6 C3h 
Any z]lCa zl!C3 z;lCa xllC~ xllC£ z l lCs  zJlCa, Ce zJlC6 zllC~ 

yzl!a~ zllC3 zllC~ yzllav 

11 11 l l  0 11 0 

12 12 12 0 12 0 
13 13 13 0 13 0 

14 14 14 0 0 14 
15 15 0 15 0 15 

16 16 0 16 16 0 
21 12 12 0 12 0 

22 11 11 0 11 0 

23 13 13 0 13 0 

24 - 1 4  - 14 0 0 - 1 4  

25 -- 15 0 -- 15 0 -- 15 

26 - -  1 6  0 - -  1 6  - -  1 6  0 

31 31 31 0 31 0 

32 31 31 0 31 0 

33 33 33 0 33 0 

34 0 0 0 0 0 

35 0 0 0 0 0 
36 0 0 0 0 0 
41 41 41 0 0 41 

42 --41 --41 0 0 --41 
43 0 0 0 0 0 
44 44 44 0 44 0 
45 45 0 45 45 0 

46 46 0 46 0 46 
51 --46 0 --46 0 --46 

52 46 0 46 0 46 

53 0 0 0 0 0 
54 --45 0 --45 --45 0 

55 44 44 0 44 0 
56 41 41 0 0 41 

61 - -  1 6  0 - -  1 6  - -  1 6  0 

62 16 0 16 16 0 

63 0 0 0 0 0 

64 --15 0 --15 0 --15 

65 14 14 0 0 14 

66 ½(11--12) ~(11--12) 0 ½(11--12) 0 

The ax ia l tensor  vanishesident ieal ly  for symmetries Cai, Dad , C6h and D6h. 

Axial Polar Axial Axial 
^ 

Dsh C6v D6, D6)~, D3h De C6v 
zllO; zllC. zllC~ zJlo; zllc~ 
zllC3 yzll~ zllCs, c.  zllC e yzlla~ 

0 11 0 
0 12 0 
0 13 0 

14 0 0 

0 0 0 

0 0 16 
0 12 0 

0 l l  0 
0 13 0 

--14 0 0 

0 0 0 

0 0 --16 

0 31 0 
0 31 0 

0 33 0 

0 0 0 

0 0 0 
0 0 0 

41 0 0 

--41 0 0 
0 0 0 
0 44 0 

0 0 45 
0 0 0 

0 0 0 
0 0 0 

0 0 0 
0 0 --45 

0 44 0 
41 0 0 

0 0 --16 

0 0 16 

0 0 0 
0 0 0 

14 0 0 

0 ½(11--12) 0 
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Ca, C3i a n d  Car. The  r e m a i n i n g  g roups  w i t h  a pr inc ipa l  
axis  c a n n o t  be t r e a t e d  d i r ec t ly  b y  this  m e t h o d .  

D i r e c t  inspec t ion  can  be used,  however ,  to derive t he  
i n d e p e n d e n t  t enso r  c o m p o n e n t s  in all g roups  w i t h  a 
p r inc ipa l  axis  f r o m  t h e  i n d e p e n d e n t  c o m p o n e n t s  in t h e  
co r r e spond ing  g roup  Cn. I n d e e d ,  t h e  usua l  Car t e s i an  
o r thogonM coord ina te s  w i t h  zllOn do n o t  t r a n s f o r m  in to  
l inear  c o m b i n a t i o n s  of t h e m s e l v e s  u n d e r  t h e  g e n e r a t i n g  
e l e m e n t s  to  be a d d e d  to t he  g roup  Cn to  ob t a in  t h e  o t h e r  
g roups  w i t h  t h e  s a m e  pr inc ipa l  axis,  if one f ixes p r o p e r l y  
x a n d  y (Table  1). 

T h e  i n d e p e n d e n t  Car tes ian  o r t h o g o n a l  c o m p o n e n t s  in 
t h e  g roups  Cn can  be o b t a i n e d  b y  impos ing  i n v a r i a n c e  
on each  c o m p o n e n t  ( H e r m a n n ,  I934), c o n v e n i e n t l y  re-  

p laced  b y  the  co r r e spond ing  c o o r d i n a t e  p r o d u c t  ( F u m i  
1952 a;  J u r e t s c h k e  1952) : in t he  e q u i v a l e n t t  f r a m e s  w i t h  
z llCn, t he  a lgebra  is f a i r ly  s imple  since on ly  x a n d  y 
t r a n s f o r m  a m o n g  each  o ther .  Ob- v ious ly  t h e  s cheme  
for s y m m e t r y  C6 can  a l w a y s  be o b t a i n e d  b y  d i rec t  in- 
spec t ion  of t he  s c h e m e  for  s y m m e t r y  C a since C6 is 
e q u i v a l e n t  to  Csh for  po la r  p rope r t i e s  of even  o rde r  or 
for ax ia l  p rope r t i e s  of odd  order ,  and  it  c a n n o t  dis t in-  
guish  po la r  a n d  axial  p roper t ies .  

As a s imple  app l i ca t ion  we t r e a t  he re  a (polar  or  axiat)  

t The reference frames which are not  distinguishable in 
their  relations to the symmet ry  elements of a given group are 
equivalent for it. 
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fourth-order tensor pq(p, q = 1, 2, 3, 4, 5, 6) in all trigonal 
and  hexagonal  groups: an higher order tensor is t rea ted  
elsewhere (Fumi, 1952b). The equations of invariance 
for symmet ry  Ca are obta ined in Table 2: for instance, 
the  equat ion for the  z~yz component  reads zgyz = 
-½W3z~zx-½z~yz. Direct inspection of the  common 
scheme for symmet ry  ~a (Table 3) gives the  schemes of 
the  polar and  of the  axial tensor pq for symmetr ies  
Cav(av, x -+ --x, y -+ y, z -+ z) and  Csa(ah, x -+ x, y -+ y, 
z - ~ - - z ) ;  for the  polar tensor, the  independent  com- 
ponents  for symmet ry  C a which are odd in x or in z vanish 
in Ca, and  in Can respectively, while for the  axial tensor 
these components  are the  only non-vanishing ones. 
Direct  inspection of the common scheme for symme- 
t ry  C6 yields in a similar fashion the  schemes for sym- 
m e t r y  C6v, and  direct inspection of the  common scheme 
for symmet ry  D s provides the  scheme of the  axial 
tensor for s y m m e t r y  Dsa. The independent  components  
of the  axial tensor coincide with those of the  polar tensor 
for symmet ry  D~, as for the  other groups which do 

not  contain improper rotat ions (Fumi, 1952 a). The 
independent  components  of the  polar tensor are the  
same in symmet ry  groups which differ by the  inversion 
(Fumi, 1952 a). 

The results for the  polar tensor pq can be compared 
wi th  the schemes of photoelastic constants  (Szivessy, 
1929; Bond,  1943; Mason, 1950; for C a, C3i, Cab, C6 and 
C6h see, however,  Bhagavantam,  1942). 
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I t  has recent ly been remarked  (Wrinch, 1952a) tha t  
certain findings regarding residue numbers  favor the 
possibility t ha t  the  horse hemoglobin and  myoglobin 
structures and  the  insulin and  ribonuclease structures are 
particles made  up of various complements  of molecules 
in various arrays, all the  molecules having skeletons of 
NCC polymers of similar type.  In  this note  we s tudy this 
hypothesis  in the light of certain in tensi ty  data  obta ined 
in X-ray crystal studies which are recorded in the 
l i terature (Perutz, 1949; Boyes-Watson,  Davidson & 
Perutz,  1947; Kendrew,  1950). In  particular we look for 
evidence for or against the  hypothesis  (Wrinch, 1937) 
tha t  such skeletons, if present,  are globulite (and indeed 
cage-like) in character, not  differing grossly in dimensions 
in various directions. 

For  the  monoclinic horse methemoglobin  crystal, the  
mean  intensi ty  curve as a funct ion of distance from the 
origin (Perutz, 1949) and  the  (hOl) intensities (Boyes- 
Watson  et al., 1947) are recorded. To test  the  globulite 
hypothesis,  or any  other hypothesis  as to shape, it is of 
course fruitless to s tudy the mean  in tensi ty  curve in 
isolation. However  the  (hOl) intensities throw light on the 
situation, when  studied in conjunct ion wi th  it. Perutz 's  
(1949) mean  intensi ty  curve (small curve in Fig. 1) 
represents the  spherical smoothing of all the  intensities. 
Let  us then  construct,  from the (hOl) intensities, the  

m e a n  in tensi ty  curve  as a function of distance from the 
origin, thus  circularly smoothing these co-planar intensities 
(last curve of Fig. 1). We remark  tha t  sufficiently far 
from the origin there is a general resemblance between 
the  two curves. Bo th  descend from relat ively high values 
to a m in imum at  c. 0.17 A -1 and  both  subsequent ly  
develop a m a x i m u m  at  c. 0.22 A -1. So far as it goes, 
this si tuation is in accord with the hypothesis  tha t  the 

* This work is supported by the Office of Naval Research. 
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Fig. 1. Inset curve." Perutz's means intensity curve for the 
horse methemoglobin crystal as a function of distance from 
the center (Perutz, 1949). Lowest curve: the circularly 
smoothed intensity function for the same crystal, calculated 
from the given (hOl) intensities (Boyes-Watson e$ al., 1947). 
Upper four curves: the circularly smoothed intensity func- 
tions for the horse myoglobin crystal calculated from the 
given intensities on central planes normal to a, c, c" and b 
respectively (Kendrew, 1950}. 


